QCSP Monsters and the future of the Chen
Conjecture

Barnaby Martin with Dmitriy Zhuk and friends

Algorithms and Complexity Group, Durham University, UK

CSP Seminar, 21st October 2020 (on zoom)

DANGER
Acid



Quantified Constraint Satisfaction

The quantified constraint satisfaction problem QCSP(B) has
® Input: a sentence ¢ of {V,3,A,=}-FO.
® Question: does B = ¢?

It is the CSP with V returned.
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""CSPs are ubiquitous in CS ..., while QCSPs can not nearly claim
to be so important in applications.”

useful QCSPs classified?
relativised (Vx € X, Jy € Y) Vv
Boolean (QBF or QSAT) vV

“...what is left of the true non-Boolean QCSP is a problem |
believe to be mostly of interest to theorists.”

Nonetheless, finite-domain QCSPs have been heavily studied in the
literature and are known to reach complexities P, NP-complete and

Pspace-complete. I
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Complexity of Model Checking

Fragment Dual Classification?

{3, v} {V, A}

{37 \Z :} {V, A, 75} Logspace

{3 v.# [ {vA=}

{3,A\,V} {¥,A,V} Logspace if there is some element a s.t. all relations are

{3 AV, =} | VAV, #) a-valid, and NP-complete otherwise

{37/\7\/77£} {Va/\v\/v:}

g 2}:} ‘{{&x’}#} CSP dichotomy conjecture: P or NP-complete

{I A, #} {v,v,=} NP-complete for |D| > 3, reduces to Schaefer classes other-
wise.

gza}:} %gzzzx}#} QCSP polychotomy: P, NP-complete, or Pspace-complete ?

{I,Y,A,#} | {3,V,Vv,=} Pspace-complete for |D| > 3, reduces to Schaefer classes for
Quantified Sat otherwise.

{V,3,A,V}

Tetrachotomy: P, NP-complete, co-NP-complete or Pspace-
complete

{V, 3, /\, V, :} {vy 37 /\7 \/, #}
{“7 vaa AV, :}

Logspace when |D| < 1, Pspace-complete otherwise

{_‘7 37 v7 /\? \/}

Logspace when D contains only empty or full relations,
Pspace-complete otherwise




First-order structures

Relational structures:

B:=(B;Ri,Ry,...)
Functional structures:

B:=(D;fi,f,...)

functional structures = algebras.

What is the interplay between relational and functional structures?

Model Theory = Logic + Universal Algebra I

All our structures are finite-domain.
DA:I(_E’ER
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Interplay

Let R be an m-ary relation on B. We say that a k-ary operation
f : BX — B preserves R (or R is invariant) under f if:

f
le) eER
X2m) €ER

ka) €R

f, f,

(X11, X12,

(xo1, X22,

(Xkl7 Xk2,5

(}/1, Y2,
where each y; = f(xij, x2i, . . ., Xj).

Ym) € R

® operations that preserve each of the relations of B are Pol(B l‘a
® relations invariant under each operation of B are Inv(B).
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one-side of a Galois Correspondence

Let B and B be over the same finite domain B.

Inv(Pol(B)) = (B)z,n =)
Inv(surPol(B)) = (B) v3.4,=}

Idempotent operations are surjective! The algebraic definition for
QCSP(B) has
® Input: a sentence ¢ of {V, 3, A}-FO with some relations
B € Inv(B).
® Question: does B = ¢?
What if Inv(BB) is infinite?
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one-side of a Galois Correspondence

Let B and B be over the same finite domain B.

Inv(Pol(B)) = (B)z,n =)
Inv(surPol(B)) = (B) v3.4,=}

Idempotent operations are surjective! The algebraic definition for
QCSP(B) has
® Input: a sentence ¢ of {V, 3, A}-FO with some relations
B € Inv(B).
® Question: does B = ¢?
What if Inv(BB) is infinite? There isn't a simple way to solve this...

traditionally it is forbidden — one studies arbitrary finite subsets of
Inv(B) instead. é
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Let us turn to the the growth rate of generating sets for direct
powers of an algebra A.

For A we have a function fy : N — N, giving the cardinality of the
minimal generating sets of the sequence

o A A% A3 ... as
* f(1),1(2),7(3),....
We say A has the XGP with:
(PGP) polynomial, when f3 (i) = O(i€), for some c; and
(EGP) exponential, when exists b so that f4(i) = Q(b').
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History

Theorem (Wiegold 1987)

Let B be a finite semigroup. If B is a monoid then B has the

(linear) PGP. Otherwise, B has the EGP.

Proof of PGP.

If B is a monoid with identity 1 and |B| = n, then

(B,1,...,1,1)
(1,B,...,1,1)
(1,1,...,B,1)
(1,1,...,1,B)

is a generating set for B of size mn.

Acid



Theorem (Wiegold 1987)

Let B be a finite semigroup. If B is a monoid then B has the
(linear) PGP. Otherwise, B has the EGP.

Proof of EGP.
Otherwise, without an identity, B and B™ have the properties that

|x - B| < n—1, for each x € B.
|z-B™| < (n—1)™, for each z € B™.

Thus, a subset of B™ of size r can generate no more r + r(n—1)"
elements in B™. Thus, a generating set must be of size

> (5m) "
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Switchability and the PGP

Call an algebra B k-PGP-switchable if B is generated from the
set of m-tuples of the form

® (X1, .oy X1, X2y e XDy ey ey Xpty - -, Xgr ) fOr some k' < k.
switchability were originally introduced in connection with the
QCSP by Hubie Chen!

Theorem (Chen 2008)
If A is switchable then QCSP(A) is in NP.

Theorem (Carvalho et al. 2015)

A is PGP-switchable iff it is switchable. '!
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The Chen Conjecture

Conjecture (Chen Conjecture 2012)

Let B be a finite relational structure expanded with all constants.
If Pol(B) has PGP, then QCSP(B) is in NP; otherwise QCSP(B) is
Pspace-complete.

Part way there...

Theorem (Zhuk 2015)

Let B be a finite algebra, then either B is PGP-switchable or it has
EGP.

Theorem (Feder-Vardi Conjecture; Bulatov/ Zhuk 2017)
Let B be a finite relational structure expanded with all constants.
Pol(B) has a WNU, then CSP(B) in P; otherwise CSP(B) is

NP-complete. DANGER
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The Chen Conjecture

Conjecture (Chen Conjecture New Form)

Let B be a finite relational structure expanded with all constants.
If Pol(B) has PGP and a WNU, then QCSP(B) is in P; if Pol(B)
has PGP and no WNU, then QCSP(B) is NP-complete; otherwise
QCSP(B) is Pspace-complete.

Part way there...

Theorem (Zhuk 2015)

Let B be a finite algebra, then either B is PGP-switchable or it has
EGP.

Theorem (Feder-Vardi Conjecture; Bulatov/ Zhuk 2017)

Let B be a finite relational structure expanded with all constants
Pol(B) has a WNU, then CSP(B) in P; otherwise CSP(B) is —
NP-complete. Acid



The life of the Chen Conjecture

Let A be an idempotent algebra on a finite domain A. Consider
two encodings of relations in Inv(A), tuples vs. DNF:

{ (1,0,0), (0,1,0), 1), (x#yVy#2z)
(17 ]‘70)7 (1707 ]‘)7 ( ) 70)7 }
Theorem (Revised Chen Conjecture: Carvalho et al. 2017)

Choose the DNF encoding. If A satisfies PGP, then
QCSP(Inv(A)) is in NP. Otherwise, if A satisfies EGP, then
QCSP(Inv(A)) is co-NP-hard.

Conjecture (Alternative Chen Conjecture: Carvalho et al. 2017)

If A satisfies PGP, then for every finite reduct B C Inv(A),
QCSP(B) is in NP. Otherwise, there exists a finite reduct é
B C Inv(A) so that QCSP(B) is co-NP-hard.
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The life of the Chen Conjecture

Let A be an idempotent algebra on a finite domain A. Consider
two encodings of relations in Inv(A), tuples vs. DNF:

{ (1,0,0), (0,1,0), 1), (x#yVy#2z)
(1,1,0), (1,0,1), (1,1,0), }

Theorem (Revised Chen Conjecture: Carvalho et al. 2017)
Choose the DNF encoding. If A satisfies PGP, then
QCSP(Inv(A)) is in NP. Otherwise, if A satisfies EGP, then
QCSP(Inv(A)) is co-NP-hard.

Conjecture (Alternative Chen Conjecture: Carvalho et al. 2017)
If A satisfies PGP, then for every finite reduct B C Inv(A),

QCSP(B) is in NP. Otherwise, there exists a finite reduct é
B C Inv(A) so that QCSP(B) is co-NP-hard.
This conjecture is equivalent to the Revised Chen Conjecture Paca

using the tuple encoding. It is false.



Henceforth, a, 8 be strict subsets of A so that a U 8 = A.

Theorem (Zhuk 2015)
Algebra A (idempotent) has EGP iff exists such a, 3 with

Uk(xlv.yb cee an7Yk) = P(X1,Y1) V... \/P(Xka)’k)v

where p(x,y) = (a x a) U (B x B), is in Inv(A), for each k € N.
We prefer the relation 7x(x1, y1, 21 .. ., Xk, Yk, 2k) defined by

T(X1, Y1, 21 - Xk Vi, 2k) 2= P (X1, Y1, 21) VooV (X, ks 2k)

where p'(x,y,z) = (a x a x a)U (B x B x j3).

Corollary

Algebra A (idempotent) has EGP iff exists such «, 3 with

Ti(X1, Y1, 21 -« -y Xk, Yk, 2k) in Inv(A), for each k € N. o
Acid



co-NP-hardness

Theorem (Carvalho et al. 2017)
If Inv(A) satisfies EGP, then QCSP(Inv(A)) is co-NP-hard.

Proof.

Reduce from the complement of (monotone) 3-not-all-equal-sat.

I, X2 x, . xE X2 xS NAE(x], x2, x32)A. . ANAE(x}, x2,, x3)
becomes
Vxll,xlz,xf, ey ,X;,x,%,,x% p'(xll,xlz,xf) V...V p'(xi,,x,%,x,i)
where we note that 7p,(x1, y1,21 -+ -, Xm, Ym, Zm) :=
P(xt,y1,21) V.. .V p' (X Yims Zm)
DANGER
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Recall, a, 8 be strict subsets of A so that « U 8 = A. Now ask
further that a N 3 # 0.

Corollary (Carvalho et al. 2017)

QCSP(A; {7mn: n € N},{a: ac€ A}) is co-NP-hard.

In fact,

Proposition (Carvalho et al. 2017)

QCSP(A;{mn: n € N},{a: a e A}) isin co-NP.

Proof.

Roughly speaking, evaluate all existential variables to something in
anp. But (A {r,: ne N}, {a:ac A}) is not finitely related. []

Proposition (Carvalho et al. 2017)
For every finite reduct B of (A;{m, : n € N},{a:a € A}),
QCSP(B) is in NL. DANGER
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Back to * finite structures * and the Chen Conjecture

The conventional definition for QCSP(B), where B is a finite
constraint language, is

® Input: a sentence ¢ of {V,3, A}-FO.

® Question: does B = ¢?

Conjecture (Chen Conjecture New Form)

Let B be a finite relational structure expanded with all constants.
If Pol(B) has PGP and a WNU, then QCSP(B) is in P; if Pol(B)
has PGP and no WNU, then QCSP(B) is NP-complete; otherwise
QCSP(B) is Pspace-complete.

If Pol(B) has EGP, for co-NP-hardness in place of Pspace-
completeness, all we need to do is polynomially compute
{3, A, =}-definitions of 7, from B!
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Death of the Chen Conjecture |

Example Rs3.

{(17*7*)7 (27777)7 (X;éO\/y:z)
(0,0,0), (0,1,1), (0,2,2),

Example Rang,2-
{ (0,0,0),
L,1,1), (2,5, (52,2, }

* QCSP({0,1,2};0,1,2, Rynd,2, Rs) is co-NP-complete. |!
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Death of the Chen Conjecture |l

Example Rsp».
{ (0,0),
(1,2),
Example Rand 2.
{ (0,0),
(1,2),

® Pol({0,1,2};0,1,2, Rana.2, Rs3) has EGP.
* QCSP({0,1,2};0,1,2, Ryna2, Rs3) is in P.
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QCSP Monsters

There are finite B so that QCSP(B) ranges over

in P.
NP-complete.
Pspace-complete.
co-NP-complete.
DP-complete.

O©F-complete.

Theorem

constants. Either QCSP(B) is in P, is NP-complete, is

Let B be a finite 3-element relational structure expanded with all |!

co-NP-complete or is Pspace-complete. BRNGEE
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co-NP membership through the Ol$ak-Zhuk method

Consider the domain A = {0,1,2}. An operation f is O-stable if
f(x,0) = x and f(x,2) = 2. s is the idempotent semilattice with
s(a, b) = 2 whenever a # b.

Lemma
Suppose I is preserved by s and a 0-stable operation hy. Then an
instance

Vx1dy1Vxodys ... Vx,dy,®

of QCSP(I') is equivalent to

Vxa¥xz .. Va3 3((F T D) A (FT D) A -+ A (FTD,)),

q) _ q)XH»h 7Xn,)/!+17 “Yn /\Xl+1 0 AEERWA XZ] = 07

Xip10 7n,)/,+17 7yn DANGER
Acid
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Proof of Lemma

(Forwards/ downwards.) If we have a solution (f,...,f,) of the
original instance then it is also a solution of the new instance with
the additional assignments fo =0 and yj’ = fi(x1,...,x,0,...,0)

in the definition of ®; for every j.
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Proof of Lemma

(Backwards/ upwards.) Consider solutions of the new instance
such that y; = fi(x1,...,xy) for every i. Let N be the minimal s.t.
fn depends on x; for some j > N. Assume for contradiction that
such an N does exist and choose it minimal among all the

solutions. Since (fi,...,f,) is also a solution of ®, the following

tuple is a solution of ®

Oty e X 0y 0, (X, ey Xn)s ooy INCXT, <oy Xn)y AN (X2 - oy Xn)s ooy (X, oy X))
for every xi, ..., X, and some functions hy41, ..., hy.
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Proof of Lemma

Note that we could see this tuple as

(X5 ey xn, 0y, 0, (X))o oo s Ive1 (X1, - ey xve1)s (X - ooy Xn), AN (X, - -y Xn), -2 1)

as we assume f; depends only on xi,...,x; for i < N. Consider all

the evaluations of the variables xy.1,.. ., X, to obtain 37~V

solutions of @, then apply s to them to obtain one solution

a(xi,...,xy) of the form

(Xty e s X5 0y 0, A (X, ey Xn)y ooy FN—1 (KT, - oy Xn)s N(XT, - oy XNy - oy €n(XEy - - oy X))

Note that ey(x1,...,xn) is equal to c if

fn(x1, ..., XNy AN+, - - -5 an) = C for every any1, ..., an, and

en(xi, ..., xn) = 2 otherwise.

It remains to apply hg to

(X1, ey Xny (X215 ooy Xn)y ooy Fa(X1, ..., Xp)) and a(xq, ..., xy) to

obtain a solution of the instance such that fy doesn’'t depend on

XN+1, - - - , Xn, Which gives us a contradiction to the minimality of&¥
DANGER
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Future of the Chen Conjecture

The conservative case is a natural large class on which the Chen
Conjecture holds.

Theorem

Let B be a finite relational structure expanded with all unary
relation. Either QCSP(B) is in P, is NP-complete, or is
Pspace-complete.

Can PGP and EGP be sensibly modified to make the Chen
Conjecture “true”?

Is there a clear condition for co-NP-membership? |I
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H*bert's Problems 1900-2019
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Hubert's Problems 2019

1. Complexity of QCSP(N;x =y — y = z).
2. Complexity of 3-No-Rainbow.

3. Some nonsense.
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Hubert's Problems 2019

1. Complexity of QCSP(N;x =y — y = z).
2. Complexity of 3-No-Rainbow.
3. Some nonsense.

Hubert 2 is solved by Zhuk!

Hubert 1 is in co-NP (I claim)!

DANGER
Acid



Quest for Hubert 1
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