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2-SAT vs 3-SAT

<latexit sha1_base64="AaWE3ff6zCjkMCD6EW7L5rEXkic="></latexit>

• 2-SAT is in P, 3-SAT is NP-hard – what happens in between?

<latexit sha1_base64="8YCxeSH9Rl5yCBxIu5w1S+ADg8I="></latexit>

For a k-CNF formula, (1, g, k)-SAT asks to distinguish between the two cases:

<latexit sha1_base64="qECHGOAERpnZP0fIIsCZySNJaqk="></latexit>

• There exists a truth assignment satisfying at least g literals in every clause
<latexit sha1_base64="ovVP+S5rvYzI4dlOGEnPwDMcJvY="></latexit>

• The formula is unsatisfiable

<latexit sha1_base64="hJg5rxPtPmMlnk6EO9Wb8hHl7H0="></latexit>

Theorem: [Austrin Guruswami H̊astad] When
g
k � 1

2 , (1, g, k)-SAT is in P and

otherwise is NP-hard

<latexit sha1_base64="FwiM5Aw9cszNPNcfqbFYZKiLVJM="></latexit>

• How to extend this problem to larger domains?



<latexit sha1_base64="m7wd71u58PL5ylE/9MWf24YgIAY="></latexit>

• Domain [d]

• Literals Sa(x) satisfied i↵ x 6= a

• Clauses (Sa1(x1), Sa2(xx), . . . , Sak(xk))

<latexit sha1_base64="Xx+c6Y/cAUgQWXO7znaY1/uAgKU="></latexit>

• (1, g, k)-SetSAT asks to distinguish the two cases:

– there exists an assignment to the variables such that at least g literals
in each clause are satisfied

– the formula is unsatisfiable

<latexit sha1_base64="fKTX+9WoccBSxO51GdVcKusMZa8="></latexit>

Main result: (1, g, k)-SetSAT with set size s and domain size s+ 1 is solvable
in polynomial time if g

k � s
s+1 and is NP-hard otherwise.

<latexit sha1_base64="HaQALD1Xpy+BUDNYNnRGF9M3vLU="></latexit>

• With s = 1 we recover the results for Boolean (1, g, k)-SAT

<latexit sha1_base64="CL0yXbFclRi5DNgrCYsnwE0IK9o="></latexit>

(1, g, k)-SetSAT



Tractability

<latexit sha1_base64="Dp+ZBaRMOjh18kMtXXcR9dB8xcQ="></latexit>

Analysis

• Suppose � has a g satisfying assignment x⇤.

• Let xt be assignment at iteration t
<latexit sha1_base64="0rPKK+xGmmNYUD5QYgoSC2/o/Eg="></latexit>

• As t increases, the distance from xt to x⇤ decreases in expectation
<latexit sha1_base64="GmWcmMhT0MEk2JpNGbIXkws3ZzI="></latexit>

• Biased random walk reaches x⇤ with constant probability in O(n2) steps



Tractability via polymorphisms

<latexit sha1_base64="4CLrvDdh6Tfcwsm/nH4CFP0AuwA="></latexit>

• What polymorphisms does (1, g, k)-SetSAT have when g
k � s

s+1?

<latexit sha1_base64="seLJAVd+JjM+COQPxEI8Nu8hFp0="></latexit>

f(x1, . . . , xm) = argmaxa2[d]{# of occurrences of a in (x1, . . . , xm)}

<latexit sha1_base64="g/vY6tCWiHC9zfeMcEWwrmXQEfw="></latexit>

• All polymorphisms of SetSAT are conservative

<latexit sha1_base64="Cb2dyqF6hKO/ul6J962kiZAl6dU="></latexit>

• Plurality functions are polymorhpisms

<latexit sha1_base64="DkTyrRRFK4qxHvOwvYQ8TdRKwYc="></latexit>

• When g
k > s

s+1 , we have plurality pols of all arities ) solvable by BLP

<latexit sha1_base64="uj44VFIM5QCT759+YbAgp8GjkWE="></latexit>

• When g
k = s

s+1 , we have plurality of arity 6⌘ 0 (mod s + 1) and no sym-
metric pols of arity divisible by s+ 1 ) solvable by BLP+AIP



Hardness

<latexit sha1_base64="heIQdBdojzLnQiHw37gXTZWa/5Q="></latexit>

• What polymorphisms remain when g
k < s

s+1?

<latexit sha1_base64="kFDcpf0ptJQk+Wmi9gdKgOmkT0A="></latexit>

• All plurality pols now have bounded essential arity, but there still exist
pols of unbounded essential arity

<latexit sha1_base64="QhqpQ2CRGMozRpBs3PCfDo+t1Hg="></latexit>

• Pols don’t satisfy su�cient hardness conditions involving fixing sets, avoid-

ing sets, ✏-robustness, lack of Oľsák polymorphisms

<latexit sha1_base64="ycffbURp33Ssrm7h8XSW3612VzY="></latexit>

• We need a new hardness source, or a new property of pols to exploit



Smug sets

<latexit sha1_base64="5MmOulyTyvAHVBJ7qyTVVIrbQ/U="></latexit>

• S is a smug set if there is an input vector v such that S = {i|vi = f(v)}

<latexit sha1_base64="sL3OYbKTuGEbB28o91D608E7rZI="></latexit>

Proposition: A function f : [s+ 1]m ! [s+ 1] is a polymorphism of (1, g, k)-
SetSAT i↵ there is no multiset {S1, . . . , Sk} of smug sets of f , such that each
coordinate ` 2 [m] is contained in at most k � g of them.



Hardness source: layered label cover
<latexit sha1_base64="PQnHASErAD7XExshHG8KLJaZyUA="></latexit>

• ` layers of variables X0, . . . , X` with range [m]

<latexit sha1_base64="Bp2rm+eNnu4n5pLG3gVzZyZC+1o="></latexit>

• Constraints are functions from x 2 Xi to y 2 Xj , i < j

<latexit sha1_base64="gapYZdRKh6i3dWgxS2yU1+nwBeo="></latexit>

• Constraint �x!y is satisfied by assignment � if �(y) = �x!y(�(x))

<latexit sha1_base64="0aWNKKXjavuZb4TIF5Tpzbdw9/E="></latexit>

• A chain is a sequence of variables xi 2 Xi for i = 0, . . . , ` with constraints
�xi!xj between them, for i < j

<latexit sha1_base64="H2wF6xnevU6jhcHuRfP6wpBEL+E="></latexit>

• A chain is weakly satisfied if at least one of these constraints is satisfied

<latexit sha1_base64="5zqCr6dDle+2LwGSUlxo8E6TaXw="></latexit>

Theorem: For every ` and ✏ > 0, there is anm such that it is NP-hard to distin-
guish `-layered label cover instances with domain size m that are fully satisfiable
from those where not even an ✏-fraction of all chains is weakly satisfied.



Smug sets and hardness

<latexit sha1_base64="xAzRnbQ2qPGW06Fd4j5nlB3Qit8="></latexit>

Corollary: Suppose there are constants k, ` such that the following holds, for
every f 2 Pol(A,B):

<latexit sha1_base64="Fk/hMyUnCcvnrjpWGhOh8qCsCTs="></latexit>

• f has a smug set of at most k coordinates
<latexit sha1_base64="+/awd6E1Kk/wsQUtqvD7ayEoatY="></latexit>

• f has no family of more than ` pairwise disjoint smug sets
<latexit sha1_base64="b0RvpSoiMzTnk+BZejppksbzBpQ="></latexit>

• if g
⇡�! f and S is a smug set of g, ⇡�1(S) is a smug set of f

<latexit sha1_base64="2tM90Le3ZTq1Es11o4bjPm+TNt4="></latexit>

Then PCSP(A,B) is NP-hard, for large enough m.

<latexit sha1_base64="FqC+AXhhQ1gWuYZTsG3lkuEjkM4="></latexit>

• Exact definition of smug is irrelevant, as long as it satisfies these three
conditions



Bounded number of disjoint smug sets
<latexit sha1_base64="2vErwDWTkI8PZ/HDf5uf4Xlq/Fk="></latexit>

Proposition: For every polymorphism f of (1, g, k)-SetSAT with domain size
s+ 1, if S1, . . . , St are disjoint smug sets of f , then t < k

k�g .

<latexit sha1_base64="MZ4rkxOIMz4JDSrjspzeonT6GKg="></latexit>

Proof:
<latexit sha1_base64="xmr8jwIv8KqY6roMWb2DP6pkihQ="></latexit>

• Suppose t � k
k�g

<latexit sha1_base64="qiFJcXPtk68g6ThUe1/ZQBzZ4AY="></latexit>

• Build a multiset containing each Si up to k�g times until we have exactly
k in total

<latexit sha1_base64="NWxc8nYCCEKVqw8LHRYVsEiKJL8="></latexit>

• This gives a multiset of k smug sets such that every coordinate is contained
in at most k � g of them

<latexit sha1_base64="XCh2A42WX7L7hGBe++uJBkJv1nw="></latexit>

• Contradicts earlier proposition:

<latexit sha1_base64="5qjKr4hLnIfRHNKZWtWejGGcLpQ="></latexit>

Proposition: A function f : [s+ 1]m ! [s+ 1] is a polymorphism of (1, g, k)-
SetSAT i↵ there is no multiset {S1, . . . , Sk} of smug sets of f , such that each
coordinate ` 2 [m] is contained in at most k � g of them.



Smug sets preserved by minor preimages

<latexit sha1_base64="vezjVeRDac8oMjcEIck4nsI0MNw="></latexit>

g is a minor of f : g(x1, . . . , xm) ⇡ f(x⇡(1), . . . , x⇡(n))

<latexit sha1_base64="JhGEFlHZAdaVUCbKQnHsiBGWajg="></latexit>

f( )

<latexit sha1_base64="tuf42Eb1l4UylkTQSaZ2orV73ZM="></latexit>

g( )

<latexit sha1_base64="xvstA5r7bvER9MNta3wao0yTTPg="></latexit>⇡
<latexit sha1_base64="JhGEFlHZAdaVUCbKQnHsiBGWajg="></latexit>

f( )

<latexit sha1_base64="tuf42Eb1l4UylkTQSaZ2orV73ZM="></latexit>

g( )a a

a a a

= a

= a

b c

b b

<latexit sha1_base64="xvstA5r7bvER9MNta3wao0yTTPg="></latexit>⇡

<latexit sha1_base64="JhGEFlHZAdaVUCbKQnHsiBGWajg="></latexit>

f( )

<latexit sha1_base64="tuf42Eb1l4UylkTQSaZ2orV73ZM="></latexit>

g( )a a

a a a

= a

= a

?

b c

<latexit sha1_base64="xvstA5r7bvER9MNta3wao0yTTPg="></latexit>⇡
<latexit sha1_base64="5DdR55xdM6WBPxqe1gvoiY2hgjY="></latexit>

Not preserved by minor images:



Existence of small smug sets
<latexit sha1_base64="oZ8wJ1DHHKxv8H5eUoxfDMgCei8="></latexit>

Proposition: Let g
k < s

s+1 . Every polymorphism of (1, g, k)-SetSAT with
domain size s+ 1 has a smug set of size at most g.

<latexit sha1_base64="cPqJtmwIzaT0GQtrjcAhDEGqk2w="></latexit>

Proof:
<latexit sha1_base64="zCBiHOY9cegkmL24NTiTpIvqeOY="></latexit>

• Construct small set from collection of minimal smug sets, using conserva-
tivity and minimality to enforce outputs of pols

<latexit sha1_base64="wOMl7x07B1OtDd0JnBtgRS+TPAE="></latexit>

• Much more involved than proving the other two properties



Generalizations and open problems

<latexit sha1_base64="3Wf9KzdfvpILk4oN/z5lnf+Y38A="></latexit>

• What if the literals are drawn from an arbitrary family of sets L ✓ P([d])?

<latexit sha1_base64="SuE9S1SgJ1avy6Rq95QESXcTC3s="></latexit>

• Some reductions and easy cases, eg if
T

L2L
L 6= ? then problem is tractable

<latexit sha1_base64="AGKtIKmuVyCNVJsaC5+EHjKk/dk="></latexit>

• Tractability: randomized algorithm still works for g
k � smax

smax+1

<latexit sha1_base64="NLCuvAuTf+MssHfHdnhUgzuvLmI="></latexit>

• Hardness: polymorphisms are no longer conservative, so smug sets can’t

immediately be used

<latexit sha1_base64="6gmPvSOLYrR3h0OljkMYyQo58Wc="></latexit>

Conjecture: Let L ✓ P([d]) and let smax be the size of the largest set in L. IfT
L2L

L = ? then (1, g, k,L)-SetSAT is tractable i↵ g
k � smax

smax+1
.



Hypergraph colouring
<latexit sha1_base64="cFgKd8ufDVGIeBBgnKstT0eqZto="></latexit>

Theorem: [Austrin Guruswami H̊astad] For g � 1, given a (2g + 1)-uniform

hypergraph that admits a 2-colouring of discrepancy 1 (smallest possible), it is

NP-hard to find a non-monochromatic 2-colouring.

<latexit sha1_base64="mRA+Sgqn9XZeyE9XsXK4FKarr58="></latexit>

Conjecture: Given an (s + 1)r + a uniform hypergraph H with 1  a  s, it
is NP-hard to distinguish the two cases:

<latexit sha1_base64="omY6WvMtpfUC49WY0rqJCYaJvGY="></latexit>

• There exists an s+ 1 colouring of H of discrepancy at most 1
<latexit sha1_base64="Kz5Olpe5Q5sIPniPsZi6qZdrfpU="></latexit>

• Every s+ 1 colouring of H creates a monochromatic hyperedge

<latexit sha1_base64="qgPx+6vCa+BiQR6WYDOn4fCbWNM="></latexit>

• There exists an s+ 1 colouring of H of discrepancy 0
<latexit sha1_base64="nMhaije5rJNaunbh6Aq9tXAKzjc="></latexit>

• Every s+ 1 colouring of H creates a monochromatic hyperedge

<latexit sha1_base64="YpciefSKgTTvU1rSrbhNtLRJvtk="></latexit>

• If we are instead promised discrepancy 0, the problem is tractable by a
reduction to SetSAT

<latexit sha1_base64="RLLc9glykaFgGmWMjfy3hjWUGJk="></latexit>

• Given an (s + 1)r uniform hypergraph H, the two cases can be distin-
guished in polynomial time:



Hypergraph colouring

<latexit sha1_base64="mRA+Sgqn9XZeyE9XsXK4FKarr58="></latexit>

Conjecture: Given an (s + 1)r + a uniform hypergraph H with 1  a  s, it
is NP-hard to distinguish the two cases:

<latexit sha1_base64="omY6WvMtpfUC49WY0rqJCYaJvGY="></latexit>

• There exists an s+ 1 colouring of H of discrepancy at most 1
<latexit sha1_base64="Kz5Olpe5Q5sIPniPsZi6qZdrfpU="></latexit>

• Every s+ 1 colouring of H creates a monochromatic hyperedge

<latexit sha1_base64="erd1BIcnbbMy+gI3KX+BpJ/wWik="></latexit>

• This conjecture would imply all the SetSAT hardness results

<latexit sha1_base64="S7wOiEOcv3z0LoiZEAjLBut0mKE="></latexit>

• Challenges: polymorphisms not conservative, PCSP is much more sym-
metric



Thank you!


